for a Noetherian F 1 -scheme X in the sense of [CC]. Our zeta functions generalize both the zeta functions studied in [DKK] [KO2] and the log derivative of the modified Soulé type zeta function [CC]. For these zeta functions, we give an explicit presentation using the Hurwitz zeta function, from which, we show (1) When w ∈ N, ζ HI (s 1 , . . . , sr; a 1 , . . . , ar; w; X) is a meromorphic function of s 1 , . . . , sr.
where, for each p ∈ X, O × X,p = Z n(p) × Q j Z/m j (p)Z, and h 1 (s) and h 2 (s) are some entire functions, and, for a finite abelian group A = Q k j=1 (Z/n j Z), µ(A) := X a∈A 1 |a| = 1 lcm(n 1 , n 2 , . . . , n k ) lcm(n 1 ,n 2 ,...,n k ) X l=1 gcd(l, n 1 ) gcd(l, n 2 ) · · · gcd(l, n k ).
Since µ(A) is not necessarily a natural number, but a rational number in general, µ " Q j Z/m j (p)Z " may be regarded as a local contribution at p ∈ X of the obstruction for the "rationallty" of ζ X (s) and ζ disc X (s).
As is well-known [S] [K] [D] , the original Soulé's zeta function [S] for F 1 -schemes (whose definition we follow [CC] in this paper) can not be defined for arbitrary F 1 -schemes . To overcome this dificulty, two completely different kinds of more general zeta functios for F 1 -schemes have been proposed recently; first by DeitmarKoyama-Kurokawa [DKK] and , and, second by ConnesConsani [CC] . To review these two approaches, we mostly assume our F 1 -scheme X to be a Noetherian F 1 -scheme in the sennse of [CC] . In particular, X has finitely many points, and, ∀p ∈ X, the "residue field" O We now recall the first kind of zeta functions due to [DKK] [KO2] : Recently, Deitmar-Koyama-Kurokawa [DKK] defined the absolue Igusa zeta function ζ I (s, X) for a Noetherian F 1 -scheme X by
generalizing the (single variable) group zeta function of Igusa type ζ I Ab (s; A) for a finitely generated abelian group A with the following properties:
• For the affine F 1 -scheme F 1 [A] determined by a finitely generated abelian group A,
• For X, a Noetherian F 1 -scheme in the sense of Connes-Consani [CC] ,
Ab (s; A) for a general finitely generated abelian group A in two different ways, both of which are supposed to imply the meromorphicity of ζ I Ab (s; A) with respect to s. Although these computations in [DKK] are erroneous, the mistakes were fixed in [M2] . In particular, this implies, ζ I (s, X) is a meromorphic function of s.
More recently, defined the multivariable group zeta function of Igusa type ζ I Ab (s 1 , . . . , s r ; A) for a finitely generated abelian group A:
and proved its meromorphicity for the particular case when A is the cyclic group. Comparing (1) and (2), it is very natural to define the multivariable absolue Igusa zeta function ζ I (s 1 , . . . , s r , X) for a Noetherian F 1 -scheme X by
Hom (Spec(F 1 (m 1 ···mr ) ), X) m
Both [DKK] and [KO2] obtained some elementary number theoretical identities, using these zeta functions. However, we [M1] [M2] gave purely elementary number theoretical proofs for these identities and their generalizations from the view point of elementary probability theory. In fact, from the view point of elementary probability theory, it is vey natural to define and study the deformed multivariable zeta function of Igusa type ζ I Ab (s 1 , s 2 , . . . , s r ; w; A) for a finitely generated abelian group A, by (4) 
and study these properties. Incidently, motivated by some study of Casimir energy of infinite symmetric groups [KO1] , [KO2] hinted some deformed zeta function like (4). Although the analyticity of the deformed multivariable zeta function of Igusa type is highly problematic, we shall prove in Corollary 0.2 its meromorphicity with respect to a 1 , . . . , a r , w. It should be pointed out that, for a finitely abelian group A, ζ I Ab (s 1 , . . . , s r ; w; A) posseses the multivariable Euler product (c.f. [BEL] ):
We now recall the second kind of zeta functions due to [CC] . Generalizing the domain of definitions of
to arbitrary n ∈ [1, ∞) by the Nevanlinna theory, Connes-Consani [CC] generalized the Soulé zeta function ζ X (s) to an arbitrary Noetherian F 1 -scheme X by
where
Then, [CC] related ζ X (s) and ζ disc X (s) by establishing the expression (10) ζ X (s) = e h(s) ζ disc X (s) for some entire function h(s). Thus, ζ disc X (s) has the same singularities as ζ X (s). However, unlike (6), the Dirichlet series
in (9) does not have an Euler product decomposition. Therefore, we would also like to incorporate such a zeta function without an Euler product decomposition into our study. Especially, we are interested in the essential ingredient in the characterization of the modified zeta function of Soulé type ζ disc X (s) :
Now, with (23) and (12) 
Observe, for a Noetherian F 1 -scheme X, ζ HI (s 1 , . . . , s r ; 1, . . . , 1; w; X) = ζ I (s 1 , . . . , s r ; w; X) (15a)
Of course, the analyticity of ζ HI (s 1 , . . . , s r ; a 1 , . . . , a r ; w; X) is highly problematic, and the main result of this paper investigates this issue:
Theorem 0.1. By use of the Hurwitz zeta function ζ(s, q) := n≥0 (n+q) −s (ℜ(s) > 1, ℜ(q) > 0), the multivariable deformed zeta function of Hurwitz-Igusa type for a Noetherian F 1 -scheme X ζ HI (s 1 , . . . , s r ; a 1 , . . . , a r ; w; X) (ℜ(a i ) > 0, 1 ≤ ∀i ≤ r) admits the following explicit presentation: ζ HI (s 1 , . . . , s r ; a 1 , . . . , a r ; w; X)
In particular, ζ HI (s 1 , . . . , s r ; a 1 , . . . , a r ; w; X) (ℜ(a i ) > 0, 1 ≤ ∀i ≤ r) enjoys the following meromorphicities:
(1) When w ∈ N, ζ HI (s 1 , . . . , s r ; a 1 , . . . , a r ; w; X) is a meromorphic function of s 1 , . . . , s r .
(2) When a 1 = · · · = a r = 1, ζ HI (z 1 , . . . , z r ; 1, . . . , 1; w; X) is a meromorphic function of s 1 , . . . , s r , w.
Proof. It suffices to study ζ HI Ab (s 1 , . . . , s r ; a 1 , . . . , a r ; w; A) for a finitely generated abelian group A = Z n × Γ, where Γ is a finite abelian group with l := lcm{ord(g) | g ∈ Γ}: For m i ∈ N, set and write m i = ln i + k i with n i ∈ Z ≥0 and 1 
Thus, m1,··· ,mr≥1
and m1,··· ,mr≥1
are both meromorphic functions of s 1 , . . . , s r , w.
Then, substituting (20) and (21) 
Now the claim follows from these obsrevations and (19). 
is a meromorphic function of s 1 , . . . , s r , w.
.
Proof. This immediately follows from Theorem 0.1 (2) and (15a).
Now the special case of the deformed modified zeta function of Soulé [S] type ζ disc X (s; w), characterized by
modulo a constant, is of particular importance. For this purpose, we recall from [M2] the invariant µ(A) for a finite abelian group A defined by
where |a| stands for the order of an element a ∈ A. When A = k j=1 (Z/n j Z), the following evaluation is obtained in [M2] :
whose last quantity was essentially first considered by [DKK] . Thus, applying (26) to the case A w , we obtain the following:
Hom Ab (A, Z/lZ) w Finally, we are able to state and prove our main result for the deformed modified zeta function of Soulé [S] type ζ disc X (s; w): Theorem 0.3. We have the following expression for the deformed modified zeta function of Soulé [S] type for a Noetherian F 1 -scheme X when w ∈ N:
Here, for all p ∈ X,
with Γ p a finite abelian group; and h(s; w) is some entire function of s depending upon w ∈ N.
Proof. Applying the preceeding results, we analyze the right hand side of (24):
= Hom Ab (Γ p , Z/kZ) .
Since the Hurwitz zeta ζ(s; q) only has a pole of residue 1 at s = 1, we see the only singularities of (30) 
Now the claim follows immediately.
Further restricting to the case w = 1, we arrive at the following observation, which may be viewed as an eventual reconciliation of the two approaches of DeitmarKoyama-Kurikawa [DKK] and Connes-Consani [CC] :
Theorem 0.4. the following expression of the (generalized) Soulé zeta function ζ X (s) [S] [CC] and the modified zeta function ζ gcd(l, n 1 ) gcd(l, n 2 ) · · · gcd(l, n k ). Remark 1. Since µ(A) is not necessarily a natural number, but a rational number in general, µ j Z/m j (p)Z may be regarded as a local contribution at p ∈ X of the obstruction for the "rationality" of ζ X (s) and ζ disc X (s).
